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ABSTRACT 

In  a  thin  elastic  sheet,  with  a  hole   in  the  center,    subject  to 
uniform  tension  on  two  opposite  edges,    a  small   area  at   the   rim  of   the 
hole  along  the   diameter  of  the  hole  parallel   to  the   tension   is    in 
compression  circumferentially. 

This  compression  can  cause  buckling   in  this  area.     Such  buckling 
may  occur  before   the   sheet  yields  at    its   point   of  maximum  stress. 
Using  Southwell's  method  of   determining   the  critical  buckling   load, 
the  relationship 

CTcr  =KE    (^)2 
d 

is  established,  whereC~cr  is  the  critical  value  of  the  uniaxial 

tension  at  a  distance  from  the  hole;  d  is  the  diameter  of  the  hole; 

t  is  the  thickness  of  the  plate;  £  the  (Young's)  modulus  of  elasticity 

of  the  material;  and  K  is  an  experimentally  determined  function  of  the 

ratio  d/b  of  hole  diameter  to  plate  width. 

This  investigation  was  conducted  at  the  United  States  Naval  Post- 
graduate School,' Monterey,  California,  in  early  1957,  by  John  F.  Danis, 
Lieutenant,  United  States  Navy,  in  partial  fulfillment  of  the  require- 
ments for  the  degree  of  Master  of  Science  in  Mechanical  Engineering. 

The  writer,  wishes  to  express  his  appreciation  to  Professors  R.  E. 
Newton  and  J.  E.  Brock,  whose  ideas,  advice,  and  assistance  made  this 
paper  possible. 
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1.   Introduction. 

GENERAL  DISCUSSION  OF  THE  PHENOMENA  AND  THE  EFFECTS 
The  problem  of  determining  the  stresses  in  an  elastic  plate  under 
tension  when  the  material  is  pierced  by  a  circular  hole  is  one  of  both 
theoretical  interest  and  practical  importance.   Provided  that  the  plate 
may  be  regarded  as  infinitely  extended  in  two  dimensions,  the  solution 
for  a  single  hole  is  easily  found  and  is  well  known.   The  presence  of 
the  hole  leads  to  the  occurrence  of  stresses  equal  to  three  times  the 
tension  at  infinity,  these  maximum  stresses  occurring  at  the  edge  of 
the  hole  and  on  the  diameter  perpendicular  to  the  direction  of  the 
applied  tension.  At  the  edge  of  the  hole  and  on  the  diameter  parallel 
to  the  direction  of  the  applied  tension  a  circumferential  compressive 
stress  occurs  equal  to  the  tension  applied  at  infinity.  For  sheets  of 
finite  width,  with  a  hole  diameter  equal  to  four-tenths  of  the  width  of 
the  sheet,  it  has  been  found  that  this  maximum  stress  is  3.74  times  the 
applied  stress,  while  the  compressive  stress  has  been  found  to  be  -1.44 
times  the  applied  stress.  With  a  hole  diameter  equal  to  one-tenth  of 
the  width  of  the  sheet,  the  maximum  stress  has  been  found  to  be  3.03 

times  the  applied  stress,  while  the  compressive  stress  has  been  found 

it 
to  be  -1.03  times  the  applied  stress.   (5) 

The  presence  of  compressive  stresses  in  a  thin  elastic  sheet  leads 

to  the  question  of  the  condition  under  which  buckling  may  occur.  A 

search  of  the  literature  indicated  that  this  question  has  not  been 

investigated  previously.   (4)  Accordingly,  the  investigation  reported 

herein  was  undertaken  for  the  purpose  of  experimentally  determining  the 

*  Numbers  in  parentheses  refer  to  bibliographical  references  found  on 
page  36 . 


conditions  under  which  buckling  would  take  place  in  such  an  elastic 

sheet  pierced  in  the  center  by  a  circular  hole  and  subjected  to  uniaxial 

i 

s 

tension. 

In  this  analysis,  it  was  assumed  that  Southwell's  method  of  determining 
critical  buckling  load  would  be  valid  for  all  diameters  of  holes  and  all 
plate  thicknesses.   This  assumption  proved  to  be  not  altogether  valid, 
but  sufficient  valid  data  were  obtained  to  give  legitimate  results.   It 
was  necessary  to  obtain  sufficient  data  on  the  buckling  deflection  to 
determine  the  critical  buckling  load,  prior  to  yielding  of  the  sheet  at 
the  point  of  maximum  stress. 

With  this  value  of  critical  buckling  load,  the  buckling  stress  was 
calculated;  and,  using  the  relationship, 

2 


where  K 


(d/b) 


<7~er  _ 
E 

is  a  function  of  hole  diameter  to  plate  width,  K  was 


K(d/b)  (d} 


evaluated  for  all  sheets.   This  final  result  was  plotted  with  K  versus 
d/b. 


2.  Theoretical  Analysis. 


Figure  1  represents  a  plate  submitted  to  a  uniform  tension  of 

magnitude  S  in  the  x  direction.   If  a  small  circular  hole  is  made 

in  the  center  of  the  plate,  the  stress  distribution  in  the  vicinity 

of  the  hole  will  be  changed.   For  such  a  configuration  with  b  »ll, 

the  stresses  produced  are:  (11) 

2  4      2 

(TA    =  |  (1  -  ^  >  +  |  <L  +  ^I  -  ^  )  cos  2  0    Equation  1 
.  r  r      r 

CTQ   =  |  (1  +  ^  >  "  |  (1  +  ^4  )  cos  2  9  Equation  2 

r  r 

T„o  =  "  I  (1  "  ^  +  ^  )  sin  2  S  Equation  3 

r      r 

Then  at  the  edge  of  the  hole  0\  -  T/v©  *  °  and  (Ta  «=  S  -  2S  cos  2  8 

Thus,  (Tq  is  greatest  when  8  =  -*^  or  8  =  — ~  ,  and  is  equal  to  3S . 
This  is  the  maximum  tensile  stress  and  is  three  times  the  uniform  stress 
S  applied  at  the  ends  of  the  plate.  At  the  points  where  8  is  equal  to  If 
and  0  we  find  0"^  is  equal  to  -S,  so  that  there  is  a  compression  stress 
in  the  tangential  direction  at  these  points. 

If  the  width  of  the  plate  is  not  less  than  five  diameters  of  the 
hole,  the  error  of  the  solution  of  the  above  equation  for  calculating 
(j-    (max)  does  not  exceed  eleven  percent.  (5) 

The  stress  at  these  points  for  sheets  of  finite  width  with  holes  of 

s 

known  diameters  are  tabulated  in  Table  1.   By  inspection  of  this  table 
it  would  appear  that  the  stress  applied  at  the  edge  of  the  plate  would 
have  to  be  less  in  the  plates  with  the  larger  holes  to  create  the 
critical  buckling  stress  at  the  edge  of  the  hole. 


RATIO  OF  THE  STRESS  AT  THE  RIM 
OF  THE  HOLE  TO  THE  STRESS  APPLIED  AT  THE  EDGE  OF  THE  SHEET, 

(Determined  by  Pho toe  last ic  Methods)   (5) 

d/b  *  Ratio  of  diameter  of  hole  to  sheet  width 
0  «  Angle  measured  counterclockwise  from  x  axis 


\^d/b 

0 

.1 

.2 

.3 

.4 

•  5 

0° 

-1.00 

-1.03 

-1.11 

-1.26 

-1.44 

-1.58 

15° 

-   .73 

-   .74 

-    .82 

-   .95 

-1.12 

-1.32 

30° 

0.00 

-    .01 

-    .06 

-    .15 

-   .30 

-   .51 

45° 

1.00 

1.00 

1.00 

.98 

.91 

.77 

60° 

2.00 

2.01 

2.07 

2.15 

2.25 

2.32 

75* 

2.73 

2.74 

2.85 

3.03 

3.32 

3.72 

90* 

3.00 

3.03 

3.14 

3.36 

3.74 

4.32 

TABLE  1 


In  order  to  assist  in  understanding  the  compressive  stress  distribution 
around  the  hole,  it  is  interesting  to  examine  the  stresses  in  the  "Y" 
direction. 

Figure  2  illustrates  a  section  of  the  plate  near  the  rim  of  the 
hole  with  all  stress  vectors  shown. 


Figure   2 

Then 

£-  F^  =  Cmj   -ff^  iinL  9-  <T9  Cos1©  -  2.tru©  SIH9  Ct>5  ©  *  O 

(Tu  s  (TL  bi^  a^-  Os  coil0+  It'i  si  n  0  cos  9 

*4    ^  Equation  4 

Then  combining  Equations  1,  2,  3  and  4,  it  can  be  shown  that 

-St  cos   i©-(^.-l£)cos  4©I 

Equation  5 

The  area  around  the  hole  in  compression  as  determined  from  Equation  5 

is  illustrated  in  Figure  3.  The  heavy  line  is  the  boundary  at  which 

CT*.  =  0.   The  dotted  line  encloses  the  area  within  which  0"L  =  -S/10  to 
0  Z 

Kt   =  -s- 


^   T 


In  Figure  4  the  boundary  for  (Hi  =  -S/10  is  shown,  with  the  boundary 
for  01  =  -S/2  shown  by  a  dotted  line. 

From  Figures  3  and  4  it  can  be  readily  seen  that  although  a  negative 
value  of  CTx  occurs  in  a  large  area  in  the  sheet,  its  magnitude  attenuates 
quite  rapidly  with  distance  from  the  rim  of  the  hole. 


Jl-.\lllCX. 


Diagram  showing  area  surrounding  hole 

The  single  cross-hatched  area  is  in  compression. 
The  double  cross-hatched  area  is  under  compressive 
stress  greater  than  or  equal  to  -  S 

10 

Figure  3 


/L*  14  Sol 


Single  cross-hatched  area  shows  area  in  compression 


with  <T  =  -S/10. 

4 

Double  cross-hatched  area  shows  area  in  compression 
withCT^  =  -S/2. 

Figure  4 

We  will  leave  this  area  of  investigation  to  examine  the  theory  of 

buckling  of  thin  plates.  For  a  uniformly  compressed  rectangular  plate, 

simply  supported  along  two  opposite  sides  perpendicular  to  the  direction 

of  compression,  and  having  one  side  simply  supported  and  the  other  side 

free, 
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— -> 
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OH) 
it  has  been  shown  that:  f^- 


0"x 


*  (CK.. 


K 


FREE 
Figure  5 


TT^D 


bi  < 


baK 


Equation  6 


where    fahsCi  is  the  stress   in  the  x  direction  which  will  cause  buckling, 

E   h3 
D  _  _—  f   b  _  width,   h  =  thickness,   K  is  a  function  of  a'/b. 

12   (1   -    /  Z) 
E   is  the  Modulus  of  Elasticity,   and    \j    is  Poissons  ratio   (the  ratio  of 

lateral  unit  deformation  to  linear  unit  deformation  within  the  elastic 

limit) .     This  means  that 

b     h  CTcr 


(a'/b)    "  1t2  E    (h3) 
12   (l   -tfZ) 

I 

[ft  2  12   (1   -  J2)]      . 

(Tcr 
E 

<b2) 
(h2) 

or 


K 


K,  _     JLa,.         i. 


E        ,2  Equation  7 

Now,  if  the  area  above  the  hole  is  considered  a  thin  plate  with 
compressive  stresses  in  it,  it  is  obvious  that  the  larger  the  diameter 
of  the  hole  the  larger  "a"'  and  "bM  become.   This  analogy  continues  in 
the  "supported"  edge  of  Timoshenko's  thin  plate  theory.   Since  the 
compressive  force  dissipates  rapidly  in  the  distance  from  the  rim  of  the 
hole  and  the  compressed  area  above  the  hole,  the  surrounding  tensile  stress 
provides  a  supporting  force  90°  to  the  compressive  force,  which,  in  effect, 
forms  a  supporting  edge.  See  Figure  6  following. 
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Figure  6 
Thus,  this  analogy  leads  to  a  formula  for  the  function  K 
In  this  analogy,  K  is  a  function  of  the  ratio  of  hole -diameter  to 
plate -width,  and,  using  t  for  plate  thickness,  we  arrive  at  the 
relationship 

2 

Equation  8 
Per 


K<£ 


QJL£       (d 
E  V 


where 


or 


cr 


bt 


Per  is  the  least  value  of  P  for  which  the  flat  form  of  equilibrium 


becomes  unstable.  (12) 


b  is  the  width  of  the  sheet. 

t  is  the  thickness  of  the  sheet. 

The  determination  of  Per  then  becomes  the  major  problem. 

If  the  initial  deformation  of  the  sheet  is  considered  to  be 
decomposed  into  a  Fourier  (type)  series  in  the  normal  modes  of 
buckling,  we  may  write 

Wn  (x,  y;  0)  =     ^T   AL1[(-  (x,  y) . 

where  W  (x,  y;  0)  is  the  initial  deflection  out  of  the  plane  of  the 
n 

sheet  for  all  modes  of  buckling  at  no  load.  The  \[f   (x,  y)  are  the 
normal  functions,  and  the  Ai  are  coefficients  which  characterize  the 
particular  initial  deflection.   If  a  load  P  is  applied,  the  deformation 
alters  according  to  the  formula 


jo 

Wn  (x,  y;  P)  =   <^ 


AcVc 


U:i> 


rr   (\-%) 


(This  type  of  equation  is  developed  by  Southwell 
for  long  struts  in  Reference  8,  pp.  425-427.) 

where  P^  is  the  buckling  load  associated  with  the  normal  function  UfL 

Since  the  buckling  load  and  normal  functions  are  numbered  so  that 

P,  <  P,  <  P-*  ,  .  .        ,  as  P  increases,  the  first  term  of  the 

series  is  the  first  to  become  unbounded,  and  for  values  of  P  near  P  , 

W  (X,  y;  P)  =    ^>  T'ty^ is  obtained. 

I  -  P/P, 
By  differentiating  twice  with  respect  to  a  given  direction  (along  the 

y  axis  in  this  case),  expressions  for  curvature  are  obtained. 


10 


■a 

ky  (x,  y;  P)  =  ^ 


A,  ,&¥n«.ti 


&     (i-^l 


At  the  point  of  maximum  compressive  stress,  x  =  a,  y  =  0,  this  becomes 

Ci 


ky.  £ 


i-pA 


7p, 


If  strain  gages  are  installed  to  measure  the  change  in  curvature,  the 
relationship  is  obtained, 


c*> 


where  b'  and  D  are  constants  for  a  particular  sheet  with  values  unknown. 

As  P  increases,  the  first  term  dominates,  and 
D, 


B  -  b'    = 


JL 


1  -  p/p]_ 


For   P  =  0  B     -   b'    =  D. 

o  1 


where  B     is  the   initial  value  of  B.     Thus 
o 


B      -  b 
B   -  b>   = 


1   -   P/Px 


By  algebraic  manipulation,  this  can  be  brought  into  the  form, 

*  B    £JJ   .  Bo  "  b 

p  "   P      p 
1      1 

Equation  9 

and 

i     i       B  -  bl   , 

I  m    JL  +  (_ii )  JL 

p    pl       pi   ^B 


Equation  10 


where  £  g  *  B  -  B  . 
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In  Equation  9,  it  is  seen  that  a  plot  of  ^B/P  as  ordinate  versus 
^B  as  abscissa  gives  a  straight  line  with  intercept  (B   -  b')/P.  and 
slope  1/P.,  and  it  is  this  slope  that  gives  a  value  of  P  which  must  be 
determined. 

In  Equation  10,  it  is  seen  that  a  plot  of  1/P  as  ordinate  versus 

1MB   as  abscissa  gives  a  straight  line  with  intercept  1/P.  and  slope 

(B  -  b')/P, ,  and  the  point  of  intercept  giving  1/P..  is  what  must  be 
o       l  i 

determined. 

If  all  values  of  D.  were  zero  except  only  D] ,  the  results  obtained 
from  these  plots  would  be  exact,  until  they  were  rendered  invalid  either 
by  large  geometry  effects  as  P  approaches  P  ,  or  by  the  effect  of 
inelastic  action  at  the  point  of  the  highest  stress  in  altering  the  stress 
distribution,  thus  changing  the  value  of  D. .   In  such  a  case,  sufficiently 

long  straight  line  segments  —  so  as  to  permit  determining  the  value  of  P. 

\  1 

by  either  the  slope  or  the  intercept  method  --  could  be  expected. 

However,  generally  in  practice  no  D  vanishes,  and  Equations  9  and 
10  are  only  approximations,  the  validity  of  which  may  be  very  poor  for 
small  values  of  P.   For  example,  Figures  13  and  14  and  Table  6  illustrate 
a  test  in  which  evidently  D  was  larger  than  D  and  of  opposite  sign. 

Thus,  Equations  9  and  10  are  likely  to  be  invalid  for  small  values 
of  P  and  also  invalid  for  large  values  of  P  (due  either  to  inelastic 
action  or  large  geometry).   If  the  ranges  of  invalidity  overlap,  the 
test  does  not  yield  useful  results.   If  not,  we  may  be  able  to  find  an 
intermediate  region  where  a  straight  line  can  be  drawn  through  experi- 
mental points  so  as  to  give  a  value  of  P. . 


12 


2.  Experimental  Procedure. 

The  initial  attempts  to  detect  and  measure  the  deflection  out  of  the 
plane  of  the  sheet,  caused  by  the  compressive  forces  at  the  edge  of  the 
hole,  were  performed  on  very  thin  shim  stock,  from  .001  to  .005  inches 
thick.   The  hole  was  one-half  inch  in  diameter.  Any  attempt  to  attach 
anything  to  this  thin  shim  stock  was  found  to  reinforce  it  and  thereby 
reduce  or  eliminate  the  buckling  deflection  which  was  being  observed. 

Thus,  the  optical  lever  principle  single  mirror  system  would  not 
work  properly,  because  a  mirror  glued  directly  to  the  area  observed  would 
reinforce  this  area,  as  would  a  lever  to  move  a  remote  mirror.   Strain 
gages  attached  to  the  shim  stock  also  reinforced  it  to  such  an  extent 
that  no  deflection  out  of  the  plane  could  be  detected.  Accordingly,  a 
calibrated  telescope  system  was  employed  to  attempt  to  measure  the 
magnitude  of  the  deflection  by  observing  its  shadow  created  by  a  light 
through  a  slit  at  the  edge  of  the  shim  stock  sheet.   The  variation  was 
so  minute  that  measurement  was  not  possible.   Next,  an  electronic  instru- 
ment was  employed,  a  Q  meter,  to  attempt  to  measure  the  change  in 
capacitance  caused  by  the  deflection  of  the  shim  stock  sheet  and  a  small 
piece  of  metal  used  as  the  other  plate  of  the  capacitor.   This  too  was 
unsatisfactory,  again  because  the  change  was  too  minute  to  cause  a 
measurable  change  in  capacity. 

Finally  the  decision  was  made  that  a  heavier  sheet  would  have  to  be 
used  so  that  strain  gages  could  be  attached  to  it.  A  total  of  15  sheets 
was  tested.   The  sheets  were  of  24S-T3  aluminum,  with  a  modulus  of 
elasticity  of  10  x  10  psi,  and  a  tensile  yield  strength  of  50,000  psi. 
Two  mild  steel  sheets  were  also  tested,  and  they  had  a  modulus  of 
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elasticity  of  30  x  10  psi.  The  strength  data  were  the  manufacturer's 
specifications.  No  tests  were  made  of  the  modulus  or  yield  strength. 
It  was  thought  that  the  manufacturer's  specifications  were  as  close  to 
the  true  values  as  could  be  obtained  by  a  routine  test  on  this  thin  sheet 
material  in  our  laboratory.  Extremely  careful  tests  are  necessary  for 
this  type  of  determination. 

All  sheets  were  16  x  36  inches.   Holes  were  cut  in  the  sheets  by 
drilling  a  pilot  hole  to  accommodate  the  pilot  of  the  fly  cutter.   The 
fly  cutter  was  attached  to  a  special  shaft  in  the  drill  press.   The 
diameter  of  the  hole  to  be  cut  was  determined  by  the  distance  of  the 
cutting  blade  from  the  shaft.  The  cutting  tool  was  made  of  hardened 
tool  steel  ground  to  a  fine  edge. 

In  the  aluminum  sheets  of  .020"  thick,  diameters  of  1,  1.5,  2, 
2.5,  and  3  inches  were  tested.   In  the  .040"  thick  sheets,  diameters 
of  3,  3.5,  4,  4.5,  5,  5.5,  and  6  inches  were  tested.   The  mild  steel 
sheets  were  .032"  thick,  and  diameters  of  3  and  4  inches  were  tested. 

Some  3003-H  aluminum  sheets  were  also  tested,  but  these  data  were 
completely  unsatisfactory,  and  the  reason  is  thought  to  be  that  this 
sheet  had  no  specific  yield  point,  but  yielded  gradually  throughout  the 
test. 

After  the  holes  were  cut,  the  strain  gages  were  attached.   Because 
it  was  desired  to  measure  the  strain  causing  the  change  in  the  radius 
of  curvature,  the  grid  of  the  gage  was  oriented  so  that  it  wove  back  and 
forth  across  the  extension  of  the  diameter  of  the  hole  parallel  to  the 
direction  of  tension.   This  area  was  considered  the  one  of  maximum  dis- 
placement. 

The  two  gages  were  mounted  back  to  back  on  either  side  of  the  sheet; 
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see  Figure  7.   This  resulted  in  temperature  compensation  and  doubled 
electrical  output.   (6) 


Figure  7 

The  grid  was  placed  as  close  to  the  rim  of  the  hole  as  possible. 
Thus,  the  edge  of  the  paper  encasing  the  grid  lapped  over  the  rim  of  the 
hole  slightly.   This  paper  was  used  to  help  align  the  second  gage  mounted 
on  the  back. 

Great  care  had  to  be  taken  in  mounting  these  gages  in  the  same  manner 
each  time.   Because  the  compressive  stress  attenuates  so  much  with 
distance  from  the  edge  of  the  hole,  it  was  considered  essential  that  the 
grid  be  right  at  the  edge  of  the  hole.   In  order  to  accomplish  this, 
Baldwin  Model  SR-4  type  A- 19  strain  gages  were  used  initially,  because 
this  type  of  gage  has  a  grid  width  of  only  1/16H.   Later,  however,  it  was 
not  possible  to  obtain  any  more  of  this  type  of  gage  from  the  manufacturer, 
and  type  A- 8  gages  were  used.   These  gages  have  a  gage  width  of  1/8  inches. 
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The  gages  gave  almost  identical  results  so  that  correlation  of  the  data 
was  possible. 

The  gages  used  to  measure  the  strain  caused  at  the  maximum  stress 
points  were  mounted  singly,  with  a  temperature  compensating  gage  mounted 
on  an  unstressed  piece  of  metal  hung  on  the  sheet  being  tested,  so  as  not 
to  interfere  with  the  test.   These  gages  were  mounted  at  the  edge  of  the 
hole  on  the  diameter  perpendicular  to  the  direction  of  tension. 

The  surface  of  the  metal  was  slightly  buffed  with  emery  cloth  and 
cleaned  with  acetone  before  attaching  the  strain  gages.   Duco  cement  was 
used  to  attach  the  gages,  and  a  Neg'ator  constant -force  spring  was  used 
to  clamp  the  gages  during  the  50  hours'  drying  time.   The  drying  process 
was  aided  by  heating  the  gage  with  a  lighted  electric  light  bulb  hung 
nearby . 

When  the  gages  were  dry,  the  sheet  was  placed  in  the  120,000  pound 
Riehle  Universal  Hydraulic  Testing  Machine,  shown  in  Figure  8.   Two  yokes 
were  mounted  in  the  clamp  jaws  of  the  machine,  and  to  these  yokes  were 
attached  the  mounting  bars  for  the  sheet.   These  mounting  bars  measured 
the  width  of  the  sheet  --  16  inches.  One  side  of  this  mounting  bar 
arrangement  was  an  integral  part  of  the  yoke,  while  the  other  side  was 
a  1/4"  metal  bar.   One -quarter  inch  holes  were  drilled  in  the  mounting 
bars  and  in  the  sheet,  in  two  rows,  3/4"  apart,  with  holes  spaced  every 
one  inch,  so  drilled  that  the  holes  in  one  row  alternated  with  the  holes 
in  the  other  as  shown  in  Figure  9.  One-quarter  inch  bolts  were  used  to 
clamp  the  sheet  between  the  two  mounting  bars.   These  bolts  were  tightened 
hard  and  the  arrangement  gave  uniform  tension  at  both  ends  of  the  sheet 
along  its  width. 
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After  the  sheet  was  mounted,  wires  were  attached  to  the  strain  gages 
by  twisting  and  soldering.   These  wires  were  then  attached  to  Baldwin 
Static  Strain  Indicators.  One  indicator  showed  the  strain  in  the  bending- 
buckling  gages,  and  the  other  the  strain  in  the  maximum  stress  gages. 

The  load  gage  on  the  testing  machine  was  zeroed  quite  carefully 
before  each  run  by  disengaging  the  lower  yoke  so  that  there  was  no  strain 
on  the  sheet,  and  placing  50  pounds  of  weight  on  the  lower  platform  of  the 
machine.   The  load  indicating  dial  was  then  adjusted  to  50  pounds,  the 
weights  removed,  and  the  zero  reading  noted.   Then  the  yoke  was  reclamped 
in  the  machine  and  the  run  started. 

The  .040"  thick  aluminum  sheets  were  loaded  to  4,000,  5,000,  or 
6,000  pounds  initially,  and  then  were  unloaded  in  100-pound  increments 
to  zero  pounds.   By  loading  to  the  maximum  load  initially,  then  unloading, 
the  machine  held  the  set  loads  accurately  for  a  longer  period.   Readings 
were  taken  of  the  "B"  gages,  which  actually  measured  the  strain  resulting 
from  change  in  radius  of  curvature  of  the  sheet  at  the  point  of  attaching 
these  "bending  gages,"  and  on  the  "T"  gages,  which  measured  the  strain  at 
the  point  of  maximum  stress. 

The  .020"  thick  aluminum  sheets  were  loaded  to  4,000  pounds  initially, 
then  unloaded  in  50-pound  increments  to  zero  pounds.   Readings  were  taken 
as  above.   The  .032"  steel  sheets  were  the  first  tested.   The  procedure 
was  not  firmly  established  in  these  early  runs,  but,  in  general,  readings 
were  taken  at  100-pound  increments  up  to  5,000  pounds  of  load. 

Three  or  more  runs  were  made  on  each  sheet  to  ensure  that  the  data 
were  reasonably  consistent.   These  three  runs  purposely  were  not  conducted 
consecutively,  but  were  either  performed  one  day  after  the  other  or  at 
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widely  different  times  in  the  same  day.   This  was  done  to  ensure  that  the 

gage  readings,  which  are  affected  by  temperature,  would  give  results  which 

could  be  evaluated  in  their  true  perspective  and  could  be  reproduced  with 

the  same  accuracy  at  a  later  date. 

It  should  be  noted  that  when  the  sheet  was  mounted  in  the  testing 
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machine  in  the  laboratory,  one  side  of  the  sheet  faced  into  a  cold, 
relatively  dark  room,  while  the  other  side  of  the  sheet  faced  the  sky. 
Because  of  this  unequal  radiant  heating,  the  gage  readings  were  not  truly 
temperature  compensated  and  gave  varying  results. 

Another  phenomenon  noted  was  that  at  certain  times  on  some  days  there 
was  considerable  flicker  of  the  needle  in  the  strain  indicators.   This 
was  an  intermittent  phenomenon,  lasting  from  15  minutes  to  an  hour.  With 
no  changes  in  apparatus  arrangement,  it  would  stop  and  start  for  no 
apparent  reason.  Several  attempts  were  made  to  analyze  the  cause,  but  to 
no  avail.   If  the  meter  was  jumping  too  much,  the  tests  were  stopped. 
However,  if  the  oscillations  were  not  too  severe,  the  results  were  a 
slight  scatter  of  points  which  would  not  have  occurred  otherwise. 

For  each  run,  K  was  calculated  In  the  following  manner:  At  each 

load  increment,  the  B  reading,  T  reading  and  P  were  recorded.   Then  AB 

aB 
was  calculated  for  each  load  increment,  and  — r  determined.  Also,  the 

reciprocals  of  P  and  AB  were  recorded. 

— *  versus  11 B  and  —  versus  rr  were  plotted  for  each  run. 
r  r  £±  d 

P  critical  was  determined  by  (1)'  the  reciprocal  of  the  slope  and 

(2)  the  intercept  method. 

0~cr    d  ^ 
K  was  calculated  for  each  run  by  K , .,  =  -7"  x  (~)  . 

If  there  was  too  much  scatter  of  points,  the  data  were  considered 

invalid;  or,  if  one  of  the  six  values  of  K  was  in  great  difference,  it 
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was  discarded.   The  averaged  values  of  K  for  each  d/b  ratio  were  then 
plotted  versus  d/b. 

4.  a.  Results. 

For  thin  metal  sheets "-loaded  in  tension  at  two  opposite  edges  with 
two  parallel  free  edges,  and,  having  one  hole  in  the  center,  whose 
diameter  to  width  of  sheet  ratios  varied  from  .125  to  .378 — a  function 
of  the  ratio  of  the  diameter  of  the  hole  to  sheet  width  was  determined. 
This  function,  called  K,  equal  to  ^-~  <— )  ,  was  determined  for  24S-T3 
aluminum  sheets,  having  a  tensile  yield  strength  of  50,000  psi  for  sheet 
thicknesses  of  .020"  and  .040". 

This  function  K  is  plotted  versus  the  ratio  of  the  diameter  of  the 
hole  to  sheet  width  in  Figure  10. 

Compiled  data  for  the  15  sheets  tested,  showing  sheet  number,  run 
number,  diameter  of  hole,  thickness  of  the  sheet,  material  tested,  critical 
loads,  and  K  is  shown  in  Table  4.   It  was  not  possible  to  detect  buckling 

in  .020"  sheets  with  a  hole  diameter  of  1.5"  or  less. 

A  B 
A  typical  plot  of  — r  versus  /JB  to  determine  Per  by  slope  method  is 

shown  in  Figure  11. 

1  '        1 
A  typical  plot  of  —  versus  ~  to  determine  Per  by  intercept  method  is 

shown  in  Figure  12. 

A  typical  plot  of  load  (P)  versus  change  in  maximum  p train  indicator 
(T)  is  shown  in  Figure  13. 

All  data  and  all  plots  for  all  runs  and  all  sheets  are  filed  in  the 
library  as  a  supplement  to  this  thesis. 
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Figure  12 
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SHEET  4   -  RUN   3     K 


16  x  36 

x  .040"  2024  T3  Aluminum 

With  5"  Hole 

A-8  Gage 

i 

Gage  Factor 

1.62 

Gage 

!  Resistance 

59.5  ohms 

Load 

£xl04 

1    in4 
: —  x  10 

£B  x  104 

P 

P 

B 

/\B 

AB 

"T 

T 

AT 

0 

649 

878 

0 

100 

100 

645 

-4 

925 

200 

50 

644 

-5 

965 

300 

33.3 

645 

-4 

1005 

400 

25.0 

642 

-7 

1054 

500 

20.0 

642 

-7 

1090 

212 

600 

16.7 

642 

-7 

1127 

800 

12.5 

643 

-6 

1198 

1000 

10 

644 

-5 

1265 

387 

1200 

8.33 

646 

-3 

1331 

1400 

7.14 

649 

0 

1398 

1500 

6.67 

650 

+1 

104 

6.67 

1430 

552 

1600 

6.24 

651 

+2 

5000 

12.25 

1463 

1700 

5.88 

652 

+3 

3333 

17.65 

1499 

1800 

5.56 

655 

+6 

1660 

33.33 

1532 

1900 

5.26 

656 

.  +7 

1428 

36.84 

1554 

2000 

5.00 

660 

11 

909 

55.00 

1599 

721 

2100 

4.76 

662 

13 

769 

61.90 

1631 

2200 

4.54 

665 

16 

625 

72.73 

1662 

B 

2300 

4.35 

669 

20 

500 

86.96 

1699 

2400 

4.16 

672 

23 

435 

95.83 

1730 

2500 

4.00 

679 

30 

333 

120.0 

1761 

883 

2600 

3.84 

683 

0  34 

294 

130.8 

1793 

2700 

3.70 

692 

43 

233 

159.3 

1831 

2800 

3.57 

700 

51 

196 

182.1 

1862 

2900 

3.45 

712 

63 

159 

217.2 

1900 

3000 

3.33 

732 

83 

120 

276.7 

1929 

1051 

3200 

3.13 

800 

151 

66.2 

471.9 

1995 

3400 

2.94 

930 

281 

35.5 

826.5 

2054 

3600 

2.78 

1118 

469 

21.3 

1303 

2124 

3800 

2.63 

1300 

651 

15.4 

1713 

2195 

4000 

2.50 

1480 

831 
TABLE  5 

12.0 

2077 

2260 

1382 
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b.   Discussion  of  Results. 

The  percentage  difference  of  values  of  K,  obtained  on  a  single  sheet 
from  run  to  run,  seemed  quite  high  (up  to  207.)  .  Therefore,  a  review  of 
the  technique  employed  and  its  sources  of  error  seemed  necessary. 

The  sources  of  error  were: 

(1)  Strain  gages 

(a)  Not  attached  firmly. 

(b)  Leads  not  connected  properly. 

(c)  Grids  not  oriented  parallel  to  one  another  on  opposite  sides 
of  the  sheet. 

(d)  Uncompensated  temperature  error  in  gages. 

(2)  Deformations  in  rim  of  hole 

(a)  Causes 

(b)  Effects 

(3)  Mode  of  buckling  if  not  primary 

(4)  A  non-parallel  tension  across  sheet 

Upon  investigation  of  these  possible  sources  of  error,  it  was  found 
that  some  did  not  affect  the  results  and  others  were  minor,  but  that  some 

i 

were  very  real  and  major  problems  for  which  experimental  technique  must  be 

improved. 

In  the  strain  gages,  in  those  runs  which  gave  uncertain  results, 

visual  inspection  was  made  of  the  gages  for  possible  loose  glue  and  poor 

electrical  connection.   The  readings  were  checked  at  the  same  loads  to  see 

that  the  gages  read  the  same.   The  machine  was  set  at  an  intermediate  load, 

and  the  strain  indicator  observed  for  possible  drift  due  to  temperature 

variation.   If  this  inspection  indicated  no  errors,  the  results  were 

considered  valid. 
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In  order  to  check  the  adequacy  of  the  technique  used  in  orienting  the 
grids  on  all  the  sheets  tested,  two  pairs  of  gages  were  glued  on  sheet  13, 
at  opposite  ends  of  the  diameter.  The  results  obtained,  shown  in  Table  6, 
were  plotted  on  the  same  graph  and  are  shown  in  Figures  14  and  15.  The 
coincidence  of  these  points  shows  that,  at  least  for  this  sheet,  the  gages 
were  reading  exactly  the  same  strains;  and  therefore  the  orientation  of 
grids  was  alike.  If  this  investigation  were  to  be  continued,  two  pairs  of 
buckling  gages  would  be  used  on  all  sheets. 

The  possibility  of  different  initial  deformations  in  the  area 
surrounding  the  hole  is  great.   The  sharpness  of  the  cutting  tool,  the 
speed  of  cutting,  and  the  roundness  of  the  hole  are  all  factors  that 
contributed  to  this  initial  deformation.   The  effect  of  this  was  in  the 
mode  of  buckling  which  occurred  because  of  this  deformation.  Only  in 
those  cases  in  which  the  primary  mode  component  was  in  the  opposite 
direction  to  the  secondary  or  higher  mode  components  could  this  error  be 
detected.   Then  only  was  it  detected  because  eventually,  as  the  sheet  was 
loaded,  the  strain  indicator  would  start  to  reverse  its  readings.   If  the 
secondary  and  tertiary  modes  of  buckling  were  in  the  same  direction  as  the 
primary,  this  would  cause  a  large  initial  rate  of  change  of  buckling  strain, 
then  a  tapering  off  as  the  primary  mode  exceeded  the  secondary.   The  curve 
for  determination  of  Per  might  then  have  two  or  more  approximately  straight 
line  portions  which  would  have  to  be  examined.  Which  portion  was  meaningful 
would  be  difficult  to  assess.   Therefore,  this  presents  itself  as  the 
greatest  source  of  error. 

The  mounting  of  the  sheet  in  the  yoke  so  that  tension  was  perpendicular 
to  the  edge  of  the  sheet  could  be  accomplished  only  if  (1)  the  sheet  was 
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SHEET  13   -  RUN   3     X 


Load 
P 


ixlO* 


16  x  36  x   .020"  2024  T3  Aluminum 

2.5"  Hole 

A-8  Gage 

Gage  Factor  1.59 

Gage  Resistance  59.5  ohms 


Top  Gage 


B, 


^xlO4 


Botton 


b2  F  B2  H*  lo4  ! 


0 

630 

1359 

100 

621 

1372 

200 

621 

1381 

300 

609 

1382 

400 

607 

1402 

500 

608 

1409 

600 

600 

1402 

700 

592 

1408 

800 

583 

1411 

900 

572 

1410 

1000 

571 

1409 

1100 

572 

1404 

1200 

568 

1401 

1300 

562 

1400 

1400 

575 

1396 

1500 

578 

1382 

1600 

582 

1375 

1700 

593 

1362 

1800 

611 

1352 

7 

38.9 

1430 

1900 

622 

1332 

27 

142.1 

370 

2000 

5 

642 

12 

60 

833 

1311 

48 

240.0 

208 

2100 

4.76 

670 

40 

190 

250 

1289 

70 

333.0 

143 

2200 

4.55 

700 

70 

318 

143 

1265 

94 

427.3 

106 

2300 

4.35 

732 

102 

440 

98 

1219 

140 

608.6 

71.4 

2400 

4.17 

769 

139 

579 

71, 

9 

1172 

187 

757.0 

53.5 

2500 

4.00 

852 

232 

929 

43. 

1 

1104 

255 

1020 

39.2 

2550 

3.92 

882 

252 

988 

39. 

,7 

1062 

297 

1165 

33.7 

2600 

3.85 

942 

312 

1200 

32. 

1 

1016 

343 

1319 

29.2 

2650 

3.77 

1012 

382 

1441 

26, 

2 

962 

397 

1498 

25.2 

2700 

3.70 

1075 

445 

1648 

22. 

5 

904 

455 

1685 

27.0 

2750 

3.64 

1162 

532 

1934 

18. 

8 

833 

526 

1913 

19.0 

2800 

3.57 

1230 

600 

2143 

16. 

7 

774 

585 

2089 

17.1 

2850 

3.51 

1301 

671 

2354 

14, 

9 

712 

647 

2270 

15.5 

2900 

3,45 

1375 

745 

2569 

13, 

4 

643 

716 

2468 

14.0 

2950 

3.39 

1463 

833 

2824 

12. 

0 

576 

783 

2654 

12.8 

3000 

3.33 

1550 

920 

3067 

10. 

9 

500 

859 

2863 

11.6 

3050 

3.28 

1622 

992 

3252 

10. 

1 

432 

927 

3039 

10.8 

3100 

3.23 

1678 

1048 

3380 

9. 

5 

372 

987 

3113 

10.1 

3150 

3.17 

1770 

1140 

3619 

TABLE  6 
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8. 

78 

300 

1059 

3361 

9.4 

perfectly  rectangular,  (2)  the  bolt  holes  were  parallel  to  the  edge  of  the 
sheet,  (3)  the  yoke  was  suspended  from  its  top  mounting  clamp  and  the  sheet 
lined  up  squarely  with  the  bottom  clamp.   Items  (1)  and  (3)  were  accomplished 
on  each  of  the  sheets  tested.  However,  there  was  some  slight  misalignment 
of  the  bolt  holes  in  some  of  the  sheets.   This  was  not  considered  a  bad 
misalignment,  but  may  have  been  a  contributing  factor  to  errors  in  the 
values  of  K  obtained. 

Sheets  8  and  9  with  values  of  d/b  of  .375  and  .344  give  values  of 
K  of  11.4  and  13.5.  Referring  to  Figure  12,  it  is  seen  that  this  is  an 
increase  of  K  with  an  increase  of  d/b.   This  result  was  not  anticipated. 
The  procedure  on  these  sheets  withstood  all  the  inspections  mentioned  above 
and  the  results  are  considered  valid.   The  behavior  of  this  type  of  config- 
uration may  be  similar  to  that  for  a  thin  sheet  bent  into  an  angle  and 
placed  in  compression,  in  which  there  is  a  decrease  in  K  with  an  increase 
in  length  to  width  ratio,  then  a  sudden  increase  in  K,  resulting  in  a 
scalloped  shaped  curve  of  K  vs  a/b.   (13) 

All  things  considered,  the  results  of  the  tests  are  considered  valid, 
and  the  curve  of  values  for  K  versus  d/b  is  considered  correct. 

5.  Conclusions. 

In  a  thin  elastic  sheet,  with  a  hole  in  the  center,  subject  to 
uniform  tension  along  two  opposite  edges,  buckling  may  occur  in  the    * 
area  along  the  diameter  parallel  to  the  direction  of  tension  near  the  rim 
of  the  hole. 

The  determination  of  the  critical  load  applied  at  the  edges  of  the 
sheet  which  will  cause  buckling  was  possible  using  Southwell's  method  of 
determining  buckling  loads  in  thin  rods. 
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A  factor  K  which  depends  upon  the  ratio  of  the  diameter  of  the  hole 
to  the  width  of  the  sheet,  such  that 

G""cr     d  ^ 
K(d/b)   =  1"  X  (t} 

was  found  for  two  thicknesses  of  aluminum  with  d/b  ratios  of  .125  to  .375 

This  value  of  K  was  found  to  agree  with  that  for  a  mild  steel  sheet  with 

a  d/b  ratio  of  .25. 
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